In the estimation of portfolios, it is natural to assume that the utility function depends on exogenous variable. From this point of view, in this paper, we develop the estimation under the utility function depending on exogenous variable. To estimate the optimal portfolio, we introduce a function of moments of the return process and cumulant between the return processes and exogenous variable, where the function means a generalized version of portfolio weight function. First, assuming that exogenous variable is a random process, we derive the asymptotic distribution of the sample version of portfolio weight function. Then, an influence of exogenous variable on the return process is illuminated when exogenous variable has a shot noise in the frequency domain. Second, assuming that exogenous variable is nonstochastic, we derive the asymptotic distribution of the sample version of portfolio weight function. Then, an influence of exogenous variable on the return process is illuminated when exogenous variable has a harmonic trend. We also evaluate the influence of exogenous variable on the return process numerically.
Introduction
In the usual theory of portfolio analysis, optimal portfolios are determined by the mean μ and the variance Σ of the portfolio return X {X t }. Several authors proposed estimators of optimal portfolios as functions of the sample mean μ and the sample variance Σ for independent returns of assets. However, empirical studies show that financial return processes are often dependent and non-Gaussian. Shiraishi and Taniguchi 1 showed that the above estimators are not asymptotically efficient generally if the returns are dependent. Under the nonGaussianity, if we consider a general utility function U · , the expected utility should depend on higher-order moments of the return. From this point of view, Shiraishi and Taniguchi 1 proposed the portfolios including higher-order moments of the return.
However, empirical studies show that the utility function often depends on exogenous variable Z {Z t }. From this point of view, in this paper, we develop the estimation under 2 Advances in Decision Sciences the utility function depending on exogenous variable. Denote the optimal portfolio estimator by a function g g θ g E X , cov X, X , cov X, Z , cum X, X, Z where hat · means the sample version of · . Although Shiraishi and Taniguchi's 1 setting does not include the exogenous variable Z t in g, we can develop the asymptotic theory in the light of their work.
First, assuming that Z {Z t } is a random process, we derive the asymptotic distribution of g. Then, an influence of Z on the return process is illuminated when Z has a shot noise in the frequency domain. Second, assuming that Z is a nonrandom sequence of variables which satisfy Grenander's conditions, we also derive the asymptotic distribution of g. Then an influence of Z on X is evaluated when Z is a sequence of harmonic functions. Numerical studies will be given, and they show some interesting features.
The paper is organized as follows. Section 2 introduces the optimal portfolio of the form g and provides the asymptotic distribution of g. Assuming that Z is a stochastic process, we derive the asymptotics of g when Z has a shot noise in the frequency domain. The influence of Z on X is numerically evaluated in Section 2.2. Assuming that Z is a nonrandom sequence satisfying Grenander's conditions, we derive the asymptotic distribution of g. Section 3 provides numerical studies for the influence of Z on X when Z is a sequence of harmonic functions. The appendix gives the proofs of all the theorems. 
Optimal Portfolio with the Exogenous Variables
j−1 ∞ t 1 ,...,t j−1 −∞ exp −i λ 1 t 1 · · · λ j−1 t j−1 × Q Y a 1 ,...,a j t 1 , . . . , t j−1 ,
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which is expressed as 
First, we derive the asymptotics of the fundamental quantity θ.
Theorem 2.1. Under the assumptions,
where 
2.14 6 Advances in Decision Sciences In what follows we place all the proofs of theorems in the appendix. Next we discuss the estimation of portfolio g θ . For this we assume that the portfolio function g θ is continuously differentiable. Henceforth, we use a unified estimator g θ for g θ . The δ-method and Slutsky's lemma imply the following. 
Theorem 2.2. Under the assumptions
√ n g θ − g θ D −→ N 0, Dg Ω Dg , n −→ ∞ ,
Influence of Exogenous Variable
In this subsection we investigate an influence of the exogenous variables Z t on the asymptotics of the portfolio estimator g θ . Assume that the exogenous variables have "shot noise" in the frequency domain, that is,
where δ · is the Dirac delta function with period 2π, and λ a j / 0, hence Z a j λ has one peak at λ λ a j ≡ 0 mod 2π . 
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Numerical Studies for Stochastic Exogenous Variables
This subsection provides some numerical examples which show the influence of Z t on Ω ij .
Example 2.4.
For a risk-free asset X 0 t and risky asset X t , we consider construction of optimal portfolios αX t α 0 X 0 t . Here {X t } is the return process of the risky asset, which is generated by
where E{ε t } 0, Var{ε t } σ 2 . We assume that X 0 t μ, and that the exogenous variable in the frequency domain is given by Z λ δ λ . Write, which are covarances between Z t and X t , and show an influence Z t on X t . From Figure 1 , it is seen that as θ tends to 1, and λ a 3 tends to 0, then Ω 33 increases. If θ tends to −1 and λ a 3 tends to −π, π, then Ω 33 also increases, which entails that the exogenous variables have big influence on the asymptotics of estimators when θ is close to the unit root of AR 2.2 .
Remark 2.5. Ω 13 is robust for the shot noise in Z t at λ λ a 3 .
Portfolio Estimation for Nonstochastic Exogenous Variables
So far we assumed that the sequence of exogenous variables {Z t } is a random stochastic process. In this section, assuming that {Z t } is a nonrandom sequence, we will propose a portfolio estimator, and elucidate the asymptotics. We introduce the following quantities,
3.1
We assume that Z t 's satisfy Grenander's conditions G1 -G4 with
Advances in Decision Sciences 9 G3 a n j,k h / a n j,j h a
G4 the p, p -matrix Φ 0 ≡ {ρ j,k 0 : j, k 1, . . . , q} is regular.
Under Grenander's conditions, there exists a Hermitian matrix function M λ {M j,k λ : j, k 1, . . . , q} with positive semidefinite increments such that
M λ is the regression spectral measure of {Z t }. Next we discuss the asymptotics for sample versions of cov X, Z and cov{XX, Z}. For this we need the following assumption, There exists constant b > 0 such that
where f X λ is the spectral density matrix of {X t }.
Theorem 3.1. Under Grenander's conditions and the assumption
where the j , k -th element of Ω j,k is given by
Theorem 3.2. Under Grenander's conditions and the assumption
where
3.8
Numerical Studies for Nonstochastic Exogenous Variables
Letting {X t } and {Z t } be scalar processes, we investigate an influence of non-stochastic process {Z t } on {X t }. Example 3.3. Let the return process {X t } and the exogenous process {Z t } be generated by X t ε t − ηε t − 1 , Z t cos μt cos 0.25 μt ,
3.9
where ε t 's are i. i. d. N 0,1 variables. Next, suppose that {Z t } consists of harmonic trends with period μ and the quarter period. We plotted the graph of V j, m, k : j , m , k in Figure 2 .
Example 3.4. Assume that {X t } and {Z t } are generated by X t − ηX t − 1 ε t , Z t cos μt cos 0.25 μt .
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We observe that there exist two peaks in Figure 3 . If μ ≈ 0 and |η| ≈ 1, V j, m, k : j , m , k increases rapidly. For further study it may be noted that Cheng et al. 4 discussed statistical estimation of generalized multiparameter likelihood models. Although these models are for independent samples, there is some possibility to apply them to our portfolio problem.
